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A numerical procedure has been developed to solve the population balance equation (PBE) for the flocculation of colloidal
suspensions. It has the flexibility to cope with different flocculation kinetics and spread in particle volume. The two key steps in
this procedure are the adoption of the logarithm of particle volume as the independent variable and the implementation of
uniform discretization in the logarithmic domain. Together they allow the PBE to be represented accurately over the entire
particle range overcoming the failure of the popular geometric discretization scheme to represent the PBE satisfactorily for
large particles. The Method of Lines is used to convert the PBE from an integro-differential equation into a set of first-order
ordinary differential equations, which is then integrated using commercial scientific computing software. The procedure has
been tested for different kinetics and initial particle distributions. Preservation of particulate volume of between 1 and 8% is
consistently observed. VVC 2011 American Institute of Chemical Engineers AIChE J, 58: 3043–3053, 2012
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Introduction

Particle-size distribution (PSD) is a key variable in industri-
ally important particulate processes such as fine particle
production by grinding, drop size control in solvent extraction
and in cell aggregation, and flocculation of colloidal particles
of various suspensions.1,2 It describes the temporal evolution
of particulate composition from the initial state toward the final
equilibrium state. PSD takes the form of a curve that relates the
number concentration density function n(t, v) to time t and
particle size v. At any t, dn ¼ n(t, v)dv gives the number
concentration dn of particles with volume between v � dv/2\
v\ v þ dv/2 and v � n(t, v)dv gives the volume occupied by
particles in this size range. n(t, v) is assumed to be a well-
behaved function of the two independent variables t and v.

In a typical particulate process, large particles are continu-
ously being formed by agglomeration of smaller ones and at
the same time small particles are being generated by fragmen-
tation of larger ones. For any particle size v, the imbalance
between agglomeration and fragmentation shows up as the
growth or decay of its number concentration density function
ð@n=@tÞv. An explicit expression for ð@n=@tÞv over the entire
size range observed in a particulate process can be obtained by
balancing the agglomeration and fragmentation rates. This

equation is now generally referred to as the population balance
equation (PBE).1,2 In the derivation of this equation, a number
of assumptions are made regarding the kinetics of agglomera-
tion and fragmentation. To keep the presentation reasonably
self-contained and to introduce the notations used, the kinetic
expressions will be introduced in the next section for the spe-
cific case of flocculation. As most of the underlying assump-
tions are generally valid for other particulate processes, the
results obtained here together with their physical significance
and the solution procedure are, with minimal modifications,
also valid for these other particulate processes. The main aim
of this presentation is to describe a numerical method for solv-
ing the PBE for n(t, v), which can be regarded as a further de-
velopment of the method described by Yeow et al. for solving
the temporal evolution of molecular weight distribution in the
thermal disintegration of macromolecules in which only frag-
mentation is observed.3 However, the simultaneous presence
of aggregation and fragmentation together with the much
larger range of particle volume involved, compared with that
of molecular weight, means that a significant number of new
problems are encountered that require major modifications of
the numerical solution procedure.

Agglomeration and Fragmentation
Kinetics and the PBE

There is a very extensive literature on the kinetics of par-
ticle agglomeration and of fragmentation.4–7 It covers the
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physical origin of the forces responsible for these two funda-
mental processes and the variation of their rates with particle
size and with the chemical and physical properties of the
suspending fluid. It also considers the effects of the kinemat-
ics of the suspending fluid, particularly that of turbulence, on
these rates. For the purpose of developing a general method
for obtaining the evolving PSD curves, instead of dealing
with the large number of specific cases, it will be more
fruitful to test the performance of the method on relatively
simple yet general kinetic models that reflect most of the
experimentally observed behavior. Special attention will be
taken to ensure that the solution method has the necessary
flexibility to cope with the more complex kinetic features
suggested by empirical data or theoretical considerations.
It is also essential that the method can handle most initial
PSD data and follow its evolution toward the final equilib-
rium state.

Kinetics of agglomeration

In most flocculation investigation, the rate of formation rA

of a large particle vu by the agglomeration of two smaller
ones vs and vt

vs þ vt ! vu (1)

is assumed to depend on the number concentration density
functions n(t, vs) and n(t, vt) of the two agglomerating species
and follows second-order kinetics

rA ¼ kAðvs; vtÞnðt; vsÞnðt; vtÞ: (2)

To allow for the effects of particle size on agglomeration
rate, the usual rate constant is replaced by a rate function
kA(vs, vt), which is taken to be an explicit function of the
size of the two agglomerating particles. Following the com-
mon assumption of flocculation investigations, agglomeration
is assumed to be isochoric, that is, vu ¼ vs þ vt. Thus, the
effects of vu on rA are implicitly allowed for in Eq. 2.
Through suitable choice of the functional form of kA(vs, vt),
most agglomeration kinetics discussed in the literature can
be accommodated by this function.4–6

Kinetics of fragmentation

The fragmentation of a large particle vr into two smaller
product particles vp and vq

vr ! vp þ vq (3)

is generally assumed to be a first-order process in which the
rate of fragmentation rF is given by a kinetic expression of the
form

rF ¼ kFðvr; vpÞnðt; vrÞ: (4)

As in agglomeration, to allow for the dependence of rF on
particle size vr and on product size vp, Eq. 4 has a first-order
rate function kFðvr; vpÞ instead of a first-order rate constant.
Following the notation adopted by Yeow et al., only vr and
vp appear explicitly in this rate function. The dependence on
vq is implicit as vq ¼ vr � vp for isochoric fragmentation.3

Starting from a few simple but physically realistic assump-
tions, it is possible to construct kFðvr; vpÞ0s that reflect most
of the experimentally reported fragmentation behavior.5–7

Population balance equation

The equation governing the evolution of PSD, that is,
@nðt; vÞ=@t with v held fixed can be obtained by balancing
the rate of generation of particles with size v against that for
its disappearance. Based on the general rate expressions in
Eqs. 2 and 4, such a balance leads directly to

@nðt; vÞ
@t

¼ 1

2

Zv�vmin

vs¼vmin

kAðvs; v� vsÞnðt; vsÞnðt; v� vsÞdvs

� nðt; vÞ
Zvmax�v

vt¼vmin

kAðv; vtÞnðt; vtÞdvt

þ
Zvmax

vr¼vþvmin

kFðvr; vÞnðt; vrÞdvr

� 1

2
nðt; vÞ

Zv�vmin

vp¼vmin

kFðv; vpÞdvp ð5Þ

where vmax and vmin are, respectively, the largest and the
smallest particle size encountered in a flocculation process.
The first integral on the righthand side (RHS) gives the rate of
generation of v particles as a result of the agglomeration of
particles vs with v � vs for vs in the range vmin to v � vmin. The
second integral gives the rate of disappearance of v particles as
a result of the agglomeration of such a particle with a particle
vt in the range vmin to vmax � v in the flocculating suspension.
The third integral gives the rate of generation of v particles
arising from the fragmentation of all particles vr � v þ vmin

into a v particle and a second particle vr � v. The final integral
accounts for the rate of disappearance of size v particles as a
result of their fragmentation into all possible combinations of
two smaller particles vp and v � vp, where vmin � vp � v – vmin.

Apart from differences in notation, Eq. 5 is the PBE adopted
by most investigators of flocculation.8–10 The various limits of
the four integrals are based on physical considerations that are
essentially self-explanatory with the possible exception of the
upper limit in the second integral. The limit there is vmax � v
instead of vmax or infinity as frequently encountered in the
literature. This upper limit ensures that particles larger than
vmax are not generated by agglomeration so as to be consistent
with the assumption that vmax is the largest observed particle
size in the flocculation process under investigation. In some
variants of the PBE, the lower limit for the first, second, and
fourth integrals are taken to be 0. Zero particle volume cannot
be accommodated by the logarithmic-independent variable
introduced below and is also physically unrealistic.

The numerical factor of 1/2 in the first and fourth integrals
in Eq. 5 is there to compensate for the double counting of
the rate of generation by the first integral and the rate of dis-
appearance by the fourth integral.

In the derivation of the PBE, it is assumed that there is no
creation or disappearance of particulates, for example,
through nucleation followed by growth or dissolution of
particulates. This coupled with the isochoric assumption
means that the total volume of particulates per unit volume
of the suspension remains constant throughout the floccula-
tion process. This volume, denoted by mF, is given by
mF ¼

R vmax

v¼vmin
vnðt;vÞdv, which is mathematically referred to as

the first moment of the PSD. A closely related quantity is
the zeroth moment mZ(t) defined by mZðtÞ ¼

R vmax

v¼vmin
nðt;vÞdv.
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This gives the number of particles per unit volume of the
suspension. As particles aggregate and disintegrate mZ(t) will
in general either increase or decrease with time.

Dimensionless and Logarithmic Variables and
Equations

To keep the computation steps general and to simplify the
presentation of numerical results, the procedure developed
below solves the PBE in dimensionless form. Equation (5) is
made dimensionless by the introduction of the following
dimensionless variables and kinetic functions: V ¼ v/vmax,
N ¼ (vmax)2 n/mF, KF ¼ kF/kFmax, KA ¼ kAmF/(vmax

2kFmax),
s ¼ t � vmaxkFmax. For simplicity, the dependence of the
dimensionless-dependent variable and kinetic functions on
dimensionless time s and dimensionless particle volume V has
been suppressed in these defining expressions. As implied by
its subscript, the scaling factors kFmax is the maximum
value of the fragmentation kinetic function over all possible
combinations of vr and vp encountered in the flocculation
process under investigation. From the definition of N(s, V) and
mF, it follows that the dimensionless first moment
MF �

R 1

V¼Vmin
VNðs;VÞdV takes on the value of unity.

The dimensionless PBE takes the form

@Nðs;VÞ
@s

¼ 1

2

ZV�Vmin

Vs¼Vmin

KAðVs;V � VsÞNðs;VsÞNðs;V � VsÞdVs

� N s;Vð Þ
ZVmax�V

Vt¼Vmin

KAðV;VtÞNðs;VtÞdVt

þ
ZVmax

Vr¼VþVmin

KFðVr;VÞNðs;VrÞdVr

� 1

2
N s;Vð Þ

ZV�Vmin

Vp¼Vmin

KFðV;VpÞdVp: ð6Þ

The general form of the dimensionless agglomeration
kinetic function in Eq. 6 to be used in the examples below is

KAðVs;VtÞ ¼jAexp½kðVsÞa�exp½kðVtÞa�exp½gðVsþVtÞb�: (7)

The physical significance of the parameters in this expres-
sion is simple to observe. jA, a positive constant, controls
directly the magnitude of the agglomeration function. The
exponents a and b change the way particle size affects the
aggregation rate. Guided by the empirical assumptions in the
literature, a and b usually take on values of either �1 or
�1/3. The former implies that the rate is controlled by parti-
cle volume and the latter suggests that it is the equivalent di-
ameter that is in direct control. The parameters k and g set
the sensitivity of the rate function to changing particle size.
Figure 1 shows examples of the variation of KA for some
typical combinations of these parameters. In these plots Vs,
on the horizontal axis, varies from Vmin to 1 and Vt, as a pa-
rameter, is kept fixed at selected values between these limits
on each individual curve. It is clear that the aggregation rate
can exhibit quite different behavior with the small number
of parameter combinations shown here.

The corresponding dimensionless fragmentation kinetic
function in Eq. 6 has the general form

KFðVr;VpÞ ¼
exp½rðVrÞg�ðVp � VminÞhðVr � Vp � VminÞh

expðrÞðVr=2 � VminÞ2h
: (8)

This is a modification of the kinetic function adopted by
Yeow et al.3 It is based on the plausible assumption that in
binary fission the fragmenting particle is more likely to dis-
integrate into two particles of approximately the same size
than two of vastly different sizes.7 The exponents g and h
play the same role as a and b in Eq. 7. r, assumed to be
positive, controls how the fragmentation rate increases with
the size of the fragmenting particle. The factors in the
denominator ensure that Max[KF] ¼ 1 as defined. Typical
plots of KF(Vr, Vp) against Vr are shown in Figure 2. Vp

appears as a parameter that is held fixed on each curve. All
the plots are for Vmin ¼ 10�6 but the general shape of the
curves is not affected greatly by changes in Vmin. Again,
vastly different behavior in KF(Vr, Vp) besides those shown
in Figure 2 can be simulated by Eq. 8.

Figure 1. Aggregation kinetics based on Eq. 2.

(a) a ¼ b ¼ 1/3, k ¼ �3, g ¼ �4, Vmin ¼ 10�6 and Vt ¼ 10�6

(top most), 10�5, 10�4, 10�3, 0.01, 0.1, 1 (lowest); (b) a ¼ 1/3,
b ¼ 1, k ¼ 2, g ¼ �4, Vmin ¼ 10�6 and Vt ¼ 10�1 (top most),
10�2, 10�3, 10�4, 10�5, 10�6, 1 (lowest); (c) a ¼ b ¼ 1/3, k ¼
�3, g ¼ �4, Vmin ¼ 10�9 and Vt ¼ 10�9 (top most), 10�7,
10�6, 10�5, 10�4, 10�3, 0.01, 0.1, 1 (lowest).
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In a typical flocculation operation, the smallest and the larg-
est particle size, in terms of equivalent spherical diameter, can
differ by 2–3 orders of magnitude. For example, the smallest
diameter can be around 1 lm and the largest can be as large
as 1 mm.10 In terms of particle volume, this represents a
spread of between 6 and 9 decades, that is, Vmin as defined
above is likely to be between 10�9 and 10�6. To present
experimental PSD over such a large spread in particle volume,
it is normal practice to replace V by X = log10 V as the inde-
pendent variable with Xmin varying between �9 and �6.

Making the direct substitution dV ¼ loge 10 � 10X dX,
the transformed PBE takes the form

@Nðs; 10XÞ
@s

¼ 1

2

ZX$Xmin

Xs¼Xmin

KAð10
Xs ; 10X$XsÞN s; 10Xs

� �

� Nðs; 10X$XsÞ10Xs loge 10 dXs

� N s; 10X
� � ZXmax$X

Xt¼Xmin

KAð10
X; 10XtÞN s; 10Xt

� �
10Xt loge 10 dXt

þ
ZXmax

Xr¼X�Xmin

KFð10
Xr ; 10XÞN s; 10Xr

� �
10Xr loge 10 dXr

� 1

2
N s; 10X
� � ZX$Xmin

Xp¼Xmin

KFð10
X; 10XpÞ10Xp loge 10 dXp: ð9Þ

In this equation, the dependent variable N(s, V) and the
assumed kinetic functions KA(Vs, Vt) and KF(Vr, Vp), are
now treated as functions of X. The limits of the integrals are

also expressed in terms of X. Unlike physical variable V, the
logarithmic variable X is not additive. This means that to
obtain the X that corresponds to terms such as V – Vmin and
V þ Vmin in Eq. 6, they will have to be evaluated in the
physical domain and then mapped onto the logarithmic do-
main. To keep Eq. 9 tidy, the following notations have been
introduced.

X $ Xmin � log10ð10X � 10XminÞ;X $ Xs � log10ð10X � 10XsÞ;
Xmax $ X � log10ð1 � 10XÞ;X � Xmin � log10ð10X þ 10XminÞ:

(10)

Nonstandard symbols $ and � are used to emphasize
that the differencing and summing operations were per-
formed in the physical domain and then mapped on to the
logarithmic domain.

In the numerical solution scheme, the interval Xmin � X �
Xmax ¼ 0 is discretized into ND uniformly spaced discretiza-
tion points. Depending on Xmin, ND is typically between
401and 1001. A uniform grid in X is able to provide a far
more satisfactory representation of the PSD data that spread
over 6–9 decades than a uniform grid in V. This is because,
in a uniform grid in V, most of the discretization points will
be located in the final (largest) decade of particle volume
with fewer and fewer points per decade as V decreases. For
example, if a uniform grid in V with ND ¼ 1001 is used to
represent a PSD that spreads over 9 decades, that is, Vmin ¼
10�9 and Vmax ¼ 1, 900 of these points will be located in the
final decade 0.1 � V � 1, with 90 points in the next largest
decade 0.01 � V � 0.1 and only 11 points to cover the
remaining interval between 10�9 � V � 0.01. Such a grossly
uneven distribution of discretization points clearly is unable
to provide a workable description of the evolving PSD as it
moves over several decades of particle volume. A uniform
grid in X, by design, will ensure that the PSD is represented
by the same number of discretization points over all the 9
decades. Thus, there will be 101 discretization points in each
unit interval of X over the entire span of �9 � X � 0. This
ensures that the PSD data are evenly and more adequately
represented during the solution of the PBE.

Discretized Equations

Equation 9 is in the form of a nonlinear integro-differen-
tial equation for N(s, V) with the kinetic functions, KA(Vr,
Vp) and KF(Vs, Vt), regarded as known functions either based
on theoretical considerations or deduced from experimental
data. Although there does not appear to be a generally
accepted procedure for dealing with integro-differential
equations,11,12 recently Yeow et al. demonstrated that
Method of Lines (MoL)13 provides a practical and workable
means of solving the PBE of thermal fragmentation of mac-
romolecules. There are earlier reports, some dating back
40–50 years before MoL became the accepted nomenclature,
of similar treatment of the PBE. In this method, each of the
integrals on the RHS of the integro-differential equation is
approximated by numerical quadrature using the simple trap-
ezoidal rule. This has the effect of converting the integro-
differential equation into a set of simultaneous first-order or-
dinary differential equations (ODEs). These equations are
then integrated using standard Runge–Kutta routine found in
most commercial scientific computing software.12 As a
description of the implementation of this solution procedure

Figure 2. Fragmentation kinetics based on Eq. 4.

(a) g ¼ h ¼ 1, r ¼ 0, Vmin ¼ 10�6 (or 10�9), Vp ¼ 0.25 (left

most), 0.5, 0.75, 1 (rightmost); (b) g ¼ h ¼ 1/3, r ¼ 1, Vmin ¼
10�6,Vp¼ 0.25 (left most), 0.5, 0.75, 1 (rightmost).
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can be found in Yeow et al.,3 the corresponding details for
applying it to Eq. 9 will not be repeated here. Instead em-
phasis will be placed on the complications introduced by
flocculation and similar particulate processes that are not
present in thermal fragmentation of macromolecules. The
additional numerical steps brought about by the logarithmic
variable will also be described.

The span of the independent variable Xmin � X � Xmax ¼ 0,
divided into ND uniformly spaced points, will be represented
by the column vector [X1, X2… Xi, ….XND

]T. In the discre-
tized form, the unknown function N(s, 10X) is replaced by a
set of ND unknown functions, one at each discretization
point Xi, of the dimensionless time s—the remaining inde-
pendent variable. This set of unknown functions will be
denoted by the column vector

NðsÞ ¼ ½N 1ðsÞ;N2ðsÞ; ::::Ni sð Þ; ::::NND
ðsÞ�T : (11)

Substituting these into Eq. 9 and replacing the integrals by
trapezoidal-rule approximation, the integro-differential equa-
tion leads directly to a set of ND simultaneous first-order
ODEs for the Ni(s). These ODEs take the general form

dNi

ds
¼ loge 10

2

Xi$1

s¼1

aisKAs;i$s � 10XsNsNi$s

( )
DX

� loge 10
XND$i

t¼1

bitKAi;t10XtNt

( )
NiDX

þ loge 10
XN
r¼i�1

virKFr;i10XrNr

( )
DX

� loge 10

2

Xi$1

p¼1

cipKFi;p10Xp

( )
NiDX for i ¼ 1 to ND

(12)

DX ¼ (Xmax – Xmin)/(ND – 1) is the uniform discretization
step size in X and ais, bit, vir, and cip are known numerical
coefficients arising from the approximation of the four inte-
grals in Eq. 9 by the trapezoidal quadrature rule.

At all discretization points in the interior of the interval of
any of the four integrals, the trapezoidal-rule coefficient
takes the value of unity. If the upper or lower limit of an in-
tegral coincides with a discretization point, the coefficient
there takes the usual end value of 1/2. For those differencing
and summation limits in Eq. 12 that do not coincide with a
grid point, the trapezoidal-rule coefficients are determined by
linear interpolation of neighboring grid points. Similarly,
unknown N(s, V) at a nongrid point location that appears in
Eq. 12 is expressed as linear combination of its two nearest
neighbors in the column vector N(s). These are relatively
minor complications and can be handled automatically by
computer requiring only a minimal amount of additional pro-
gramming effort. Other than these issues, the implementation
of the MoL scheme using commercial software to solve the
resulting set of ODEs follows closely the steps reported by
Yeow et al.3

Results

The solution procedure based on MoL will now be used
to obtain the evolving PSD for a number of simulated initial
size distributions with width increasing from 6 to 9 decades
in particle volume.

Initial data spreading over 6 decades and kinetics in
Figures 1a and 2a

Laboratory PSD data of flocculating suspensions are not
normally reported as n(t, v) instead they are usually
presented as volume fraction density function G(s, X) as a
function of X : log10 V. The discrete points in Figure 3a
represent a set of simulated initial PSD data denoted by
Gini(X) spreading over 6 decades of particle volume. The
area of the vertical strip Gini(X)dX represents the volume, as
a fraction of total particulate volume, occupied by particles
in the size range X � 1/2dX � X � X þ 1/2dX. Gini(X) has
to be converted into the initial condition Nini(V) for the MoL
procedure. From their definitions, Gini(X) and nini(v) are related
by the simple relationship GiniðXÞdX ¼ v� niniðvÞdv=mF ¼
V � NiniðVÞdV. From this it follows that

Ninið10XÞ ¼ GiniðXÞ
loge 10 � 102X

: (13)

The Nini(V) or equivalently the Nini(10X) derived from
Figure 3a is shown as discrete points in Figure 3b where Nmax

is the maximum value of Nini(10X). The converse of Eq. 13

Gðs;XÞ ¼ loge 10 � 102XNðs; 10XÞ (14)

allows the evolving N(s, V) generated by MoL to be converted
back to volume fraction G(s, X). Even though N(s, V) and
G(s, X) describe the same PSD, their shapes are quite different
and they complement one another in providing insight into the
progress of the flocculation process. Both descriptions will be
reported in this investigation.

Starting with the Nini(V) in Figure 3b and assuming the
kinetic functions in Figure 1a with jA ¼ 50 and Figure 2a,
the evolving N(s, V) given by the numerical solution of

Figure 3. Simulated initial PSD.

(a) Plotted as Gini(X) spreading over �6 � X � 0; (b)

replotted as Nini(V)/Nmax spreading over 10�6 � V � 1.
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Eq. 12 is shown as continuous curves in Figure 4a. The cor-
responding G(s, X) is shown in Figure 4b. The different
curves are for the dimensionless time s shown in the figure
caption. These s values were chosen to space out the PSD
curves. The discrete points in these plots represent the initial
distribution. The gradual reduction in height of the curves in
Figure 4a and the gradual shift of the curves to the right in
Figure 4b indicate that agglomeration is proceeding faster
than fragmentation. The trends of these curves indicate that
the flocculation process is slowing down and is approaching
the equilibrium state at around s ¼ 5000.

It is interesting to examine the corresponding PSD when
the particles only undergo aggregation and only undergo
fragmentation. These are readily obtained by switching off
the fragmentation terms or the aggregation terms in Eq. 12.
The resulting PSD curves are shown in Figure 5 for aggrega-
tion and in Figure 6 for fragmentation. Large particles at
low concentration formed by the aggregation process that
do not show up in the N(s, V) plots show up clearly in the
G(s, X) plots (see Figures 5a, b). Conversely, the presence
of small particles generated by fragmentation that does not
shows up in the G(s, X) plots can be seen in the N(s, V)
plots. This is particularly clear when comparing Figures 6a,
b. The temporal trends of the curves in Figures 5 and 6,
compared with that of Figure 4, are consistent with the
expected behavior of purely agglomerating and purely frag-
menting system, respectively.

In arriving at the results in Figures 4–6, the number of
discretization points ND is 801. Particulate volume preserva-
tion has been checked by evaluating the first moment MF of
the computed N(s, V) curves or equivalently the area under
the G(s, X) curves. The maximum deviation of MF from
unity is around 1%. This is generally observed at large s in

the PSD of flocculation or aggregation. This is attributed to
the accumulation of error during the integration of the
ODEs. The small deviation of MF can be regarded as an in-
dication of the level of accuracy of the computed PSD.

Figure 4. PSD curves of flocculation for the kinetics in
Figures 1a and 2awith Vmin5 1026 and jA5 50.

Plotted as N(s, V)/Nmax in (a) and as G(s, V) in (b) for

s ¼ 0 (discrete points), 20, 40, 100, 200, 400, 800, and

5000. s ¼ 5000 is the lowest curve in (a) and the right-

most curve in (b).

Figure 5. PSD curves of aggregation for the kinetics in
Figure 1a with Vmin 5 1026 and jA 5 50.

Plotted as N(s, V)/Nmax in (a) and G(s, V) in (b) for the

same set of s in Figure 4. s ¼ 5000 is the lowest curve in

(a) and the rightmost curve in (b).

Figure 6. PSD curves of fragmentation for the kinetics
in Figure 2a with Vmin 5 1026.

Plotted as N(s, V)/Nmax in (a) and G(s, V) in (b) for the

same set of s in Figure 4. Curves move from right to left

in both plots.
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Particulate volume preservation check will be performed for
all the results presented below and unless otherwise stated
deviation is below 10% and for most cases well below 5%.
This is achieved by, where necessary, increasing the number
of discretization points ND from a low of 401 to as high as
1001.

Initial data of Figure 3 and kinetics in
Figures 1b and 2b

The computed PSD curves using the agglomeration
kinetics in Figure 1b with jA ¼ 50 and the fragmentation
kinetics in Figure 2b are shown in Figure 7. The initial con-
dition is that in Figure 3a. ND ¼ 1001 in these results.

It is interesting to compare, albeit only qualitatively,
the PSD curves of this example with that of the previous
example. The PSD curves in Figure 7, particularly those in
Figure 7b show that, at around s ¼ 1000, the flocculation
process is approaching equilibrium. Compared with curves in
Figure 4, equilibrium in this case is attained at a smaller s.
Furthermore, the equilibrium PSD in Figure 7b has shifted
further to the right than that in Figure 4b. This is likely to be a
consequence of the generally larger KA(Vs, Vt) in Figure 1b
compared with that in Figure 1a. Similar comparison of the
PSD curves for pure aggregation and pure fragmentation (not
shown) for the kinetic functions of this example with those in
Figures 5 and 6 also suggests that their differences are consist-
ent with the differences in the kinetics of these two cases.

To keep particulate volume preservation at approximately
the same level as that in Figures 4–6, it was necessary to
use a higher ND of 1001 for the results in Figure 7. This is
attributed to the general steeper gradient of the fragmenta-
tion and aggregation kinetic curves of this example com-
pared with that of the previous example.

Initial data of Figure 8 and kinetics of
Figures 1c and 2a

This example considers the performance of the logarithmic
variable X in dealing with PSD that spreads over 9 decades in
particle volume. The simulated initial data for this example
are shown as discrete points in Figure 8. The aggregation
kinetics assumed is that shown in Figure 1c again with jA ¼
50 and the corresponding fragmentation kinetics is again that
shown in Figure 2a but with Vmin ¼ 10�9. Following the pre-
sentation format of previous examples, the resulting PSD gen-
erated by Eq. 12 is shown as continuous N(s, V) and G(s, X)
curves in Figure 8. The presence of small particles shows up
clearly in the N(s, V) plot and that of larger ones in the G(s, X)
plot. ND ¼ 1001 was used in these results and MF deviated
from unity by approximately 8%. This increased deviation of
MF is a consequence of the reduced number of discretization
points per decade. The choice of ND here is a balance between
keeping MF close to unity and maintaining an acceptable com-
puting time. At the largest dimensionless time s ¼ 10,000
shown in Figure 8, the flocculation process has not attained
equilibrium. The G(s, X) curves in Figure 8b shows that aggre-
gation of small particles, which moves the PSD to larger sizes,
is counteracted by fragmentation of the larger particles, which
moves the PSD back to smaller sizes.

As a result, the G(s, X) curves exhibit a narrowing base
and a sharpening peak centered around V ¼ 10�4. To reduce
the deviation of MF will require either further increase in ND

or alternatively solving the PBE numerically for a reduced
range of V restricting it to the region where N(s, V) and
G(s, X) are significant. The former will push the computing
problem beyond the resources of the current generation of
laptop computers. The latter is conditional on the existence

Figure 7. PSD of fragmentation for the kinetics in Fig-
ures 1b and 2b with Vmin 5 1026 and jA 5 50.

Plotted as N(s, V)/Nmax in (a) and replotted as G(s, X) in
(b) for s ¼ 0 (discrete points), 10, 20, 40, 60, 100, 200,

400, 600, and 1000. s ¼ 1000 is the lowest curve in (a)

and the rightmost in (b).

Figure 8. PSD curves of flocculation for the kinetics in
Figures 1c and 2awith Vmin5 1029 and jA5 50.

Plotted as N(s, V)/Nmax in (a) and G(s, X) in (b). s ¼ 0

(discrete points), 500, 1000, 2000, 4000, 6000, 8000,

and10,000. s ¼ 10,000 is the lowest curve in (a) and the

tallest curve in (b).
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of a lower subset and/or an upper subset of particle size over
which both N(s, V) and G(s, X) are negligible. Depending on
the combination of initial condition and kinetics, such sub-
sets may not exist or if they exist they may be so small that
it would not improve the resolution problem significantly.
Both of these possible approaches have not been explored.

Comparison with exact solution of droplet coalescence

Scott14 investigated the dynamics of cloud droplet coales-
cence in which droplet fragmentation is assumed to be
absent, that is, the process is described by Eq. 6 in which
the third and fourth integrals are absent. He obtained ana-
lytic solutions of this abridged version of the PBE for a
number of different coalescent kinetics and initial droplet
size distributions. For the particular case where the agglom-
eration kinetic function KA is independent of droplet size
and the dimensionless initial droplet size distribution is rep-
resented by NSCiniðVSCÞ ¼ 4VSC expð�2VSCÞ. Scott showed
that the exact solution is given by

NSCðsSC;VSCÞ ¼
8 expð�2VSCÞ sinhðVSC

ffiffiffiffiffiffiffi
sSC

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 þ sSC

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sSCð2 þ sSCÞ3
q :

(15)

In his investigation, Scott adopted different time and
length scales from the analysis above, subscript SC is used
to distinguish his dimensionless variables from the s, V, and
N in Eq. 6. The discrete points in Figure 9a are the initial
number concentration density and the lighter continuous
curves are the exact solution according to Eq. 15 for the sSC

indicated in the figure caption. These results have been con-
verted into volume fraction G(XSC) plotted against XSC ¼
log10 VSC as lighter curves in Figure 9b.

The abridged PBE considered by Scott was solved by
MoL with the droplet volume restricted to the finite span
10�3 ¼ VSCmin � VSC � VSCmax ¼ 103. In the exact solu-
tion, droplets outside of this finite span are present at very
low level, below the resolution limit of the MoL computa-
tion, their exclusion in the computation will, therefore, not
affect the reliability of the numerical results. These results,
for ND ¼ 401, are shown as darker curves in Figures 9a, b.
The proximity of the two set of curves attests the accuracy
of the MoL results. Because of the nature of the NSC and G,
the small difference between the numerical results and the
exact solution shows up more clearly in Figure 9a for small
sSC and in Figure 9b for large sSC. The difference between
the computed results and the exact solution is closely related
to droplet volume preservation as measured by MF. This has
deteriorated from [ 0.9975 at sSC ¼ 4 to 0.9713 at sSC ¼
40. As expected volume preservation, and hence the small
difference between the computed results and the exact solu-
tion, depends on the number of discretization points.
Improvement can be achieved by increasing ND but at the
expense of greatly increased computing time particularly for
ND greater than about 401.

Following the comparison proposed by Kumar and Ramk-
rishna,15 the PSD curves in Figure 9a have been replotted with
NSC now also in logarithmic scale. This is shown in Figure 9c.
This plot shows the agreement between the exact solution and
the computed results even when NSC is as small as 10�20. This
close agreement should be compared against that reported by
Kumar and Ramkrishna.15 The vast improvement shown by

Figure 9c is attributed to the uniformly distributed discretiza-
tion points in the logarithmic variable XSC ¼ log10 VSC in the
present implementation of MoL.

Comparison against an exact solution of the full PBE

Patil and Andrews16 and subsequently Lage17 investigated a
special case of flocculation in which the composite floccula-
tion kinetics assumed by these authors can be simplified to
kA(vs, vt) ¼ kF(vr, vp) ¼ 1. One of the dimensionless initial
PSDs investigated by these authors is shown as discrete points
in Figure 10 described by the function NPAini(VPA) ¼
4VPAexp(�2VPA) for 0 � VPA � 1. As in the previous exam-
ple, subscript PA is used to distinguish the dimensionless vari-
ables introduced by Patil and Andrews.16 They are related to
the physical variables by VPA : v(t)mZ(0)/mF, sPA :
kAmZ(0)t and NPA sPA;VPAð Þ � nðt; vÞmF=mZð0Þ2

. For this
combination of initial condition and simple constant kinetics,
these authors obtained a closed-form solution for the evolving
PSD NPA(sPA, VPA) for sPA [ 0 and 0 � VPA � 1. Typical

Figure 9. Initial condition and PSD curves of droplet
coalescence.

Plotted as NSC(sSC VSC) in (a) and (c) and as G(sSC, X)
in (b). Discrete points are the initial condition. Dark con-

tinuous curves are numerical results of MoL computa-

tion and lighter curves are the exact solution based on

Eq. 15. sSC ¼ 0.1, 0.5, 1, 2, 4, 8, 40 (lowest) in (a) sSC ¼
0.5, 2, 5, 10, 20, 40 (rightmost) in (b) and sSC ¼ 1, 5, 15,

40 (rightmost) in (c).
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examples of their exact PSD curves, for sPA ¼ 0.5, 1, 3, 5, are
shown as broken curves in Figure 10. The curve at sPA ¼ 5 is
essentially the equilibrium PSD. A special property of this
exact solution is that the zero moment as well as the first
moment remains constant at unity, that is, mZ(sPA) ¼ mF ¼ 1.16

As a consequence, the dimensionless variables sPA, VPA, and
NPA(sPA, VPA) of Patil and Andrews are numerically identical
to the dimensional variables t, v, and n(t, v), respectively. The
dimensionless moments MZ(sPA) and MF are also numerically
identical with their dimensional analogues.

The subsection of the initial PSD in Figure 10 between
10�6 � VPA � 100 has been converted into the equivalent
nini(v) and shown as discrete points in Figure 11. With this
finite-span initial PSD and kA ¼ kF ¼1, the numerical PSDs
given by Eq. 12, after being converted back to dimensional
form, are plotted in Figure 11 for t ¼ 0.5, 1, 3, 5, where
t ¼ 5 is again essentially the equilibrium size distribution.
As in the previous examples, there is a gradual accumulation
of error as equilibrium is approached. This can be seen by
plotting the first moment mF as a function of t (see Figure 12).
This is for ND ¼ 1001 and the maximum deviation of mF

from unity is 3%. The corresponding zeroth moment mZ(t) is
also shown in Figure 12. Unlike its analogue for the exact
solution, this does not remain constant at unity but decreases
with time. Physically, this means that with the restricted
particle size between 10�6 � v � 100, unlike the case of
infinite spread, the decrease in the number of particles as a
consequence of aggregation is not balanced exactly by the

number of particles generated by fragmentation. See further
discussion below.

The exact and numerical solutions in Figures 10 and 11
exhibit the same general features. For example, both solu-
tions show that, as the PSD evolves, n(t, v) for small v
increases from nearly zero to a significant level. Furthermore
for v\ 10�3 (approx.), at any given t, this level is independ-
ent of v. However, there is a significant difference in this
constant level for the two solutions. This, besides mZ(t), is
another significant difference between the two solutions. As
already noted, the exact solution is for infinite spread in par-
ticle size, whereas the numerical solution is for a finite span
of particle size. The two solutions are solutions to two physi-
cally distinct problems and hence their differences.

A more careful comparison between the PSDs in Figures 10
and 11 will have to allow for the difference in zeroth moment.
From its definition, it is noted that NPA(sPA, VPA), as defined by
Patil and Andrews, can be viewed as the product of two terms,
viz. nðt; vÞ=mZð0Þ½ � � mF=mZð0Þ½ �. The first term can be identi-
fied as the number of size v particles as a fraction of the total
number of particles at any time t. The second term gives the
number-average volume of the particles, which is independent of
t for the exact solution. As mZ(t) is not constant for the numerical
solution, its analogue of these two terms are nðt; vÞ=mZðtÞ½ � and
mF=mZðtÞ½ �, respectively. This led immediately to a modified
NPA(sPA, VPA) for the numerical solution given by NPAmod(sPA,
VPA) ¼ nðt; vÞmF= mZðtÞ½ �2. Figure 13 shows the NPAmod(sPA,
VPA) based on the numerical n(t, v) in Figure 11. The exact
NPA(sPA, VPA) from Figure 10 is also shown on the same plot as
lighter points and curves. These two sets of curves are now in
close agreement. The remaining difference is that NPAmod(sPA,
VPA) does not extend below v ¼ 10�6 or above 100.

Discussion

The main difficulty in solving the PBE of flocculation
numerically is the large spread of particle volume—from 6 to 9
or more decades. Ensuring that the discretized PBE provides
adequate resolution over the entire size range and over the time
span of interest is essential to the success of any solution tech-
nique of this integro-differential equation. In the present investi-
gation, this has been achieved by using discretization points
that are uniformly spaced in the log10 V space. Typically, each
decade of log10V is divided into 80–110 uniformly spaced grid
points. The introduction of the logarithmic-independent variable
can be regarded a new development but it can also be viewed

Figure 10. Initial condition and exact solution of Patil
and Andrews16 plotted as number concen-
tration density function.

Discrete points are the initial condition. Broken curves

are the exact solution NPA(sPA, VPA) for 0 � sPA \ 1
and sPA ¼ 0.5, 1, 3, and 5 (top most).

Figure 11. Initial condition and numerical solution plot-
ted as n(t, v) for kA 5 kF 5 1.

Discrete points are the initial condition. Continuous

curves are n(t, v) for 10�6 � v \ 102 and t ¼ 0.5, 1, 3,

and 5 (top most).

Figure 12. First (mF) and zeroth (mZ) moment of n(t, v)
for the solution in Figure 11.

Darker curve is for mF showing a deviation from unity

by 	3% at t ¼ 5. The lighter curve is mZ(t) showing

reduction of total number of particles.
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as an extension of the geometrically spaced discretization
scheme introduced by Batterham et al.18 and further developed
by Hounslow et al.19 Their discretization scheme in which the
step size is doubled from one discretization point to the next
can be viewed as a uniform discretization scheme in the trans-
formed-independent variable log2V space. Kumar and
Ramkrishna15 further extended this approach by discretizing the
independent variable V so that consecutive discretization points
Vi and Viþ1 are related by Viþ1 ¼ bVi where b is a positive
number between 1.25 and 2. This can be regarded as a uniform
discretization scheme in the transformed variable logbV. By
reducing b, these authors were able to improve the performance
of their discretization scheme. Although geometric discretiza-
tion of V has improved the numerical representation of the PBE
for small V, it has also resulted in unavoidable deterioration in
the representation at large V even for b as small as 1.25. Uni-
form subdivision of X ¼ logbV with b ¼ 10 can be regarded as
a simple way of remedying the shortcomings of uniform dis-
cretization and geometric discretization of V. The logarithmic
variable X ensures that the PBE remains well represented at
small V and the subdivision of X keeps the deterioration at
large V in check.

The improved performance observed in the present discreti-
zation scheme immediately suggests that when dealing with the
flocculation of submicron particles, where the particle volume
may spread over 12 or more decades, the transformed variable
logbV, with b ¼ 50 or 100, may be a possible candidate as the
new independent variable. An appropriate combination of b and
ND will help to keep down the number of discretization points
and at the same time maintain adequate numerical resolution
over the entire enlarged span of particle volume.

All the results reported above were obtained using a standard

2.2 GHz laptop computer with 8 GB RAM. Typically, the

computing time required is around 10 min for ND ¼ 601 to over

60 min when ND ¼ 1001. Over 95% of the time was consumed

by the integration of the large set of first-order ODEs using

standard Runge–Kutta type integration routine with automatic

step size adjustment as implemented in most commercial

scientific computing software. No attempts have been made to

modify or otherwise speed up the routine. For the commercial

software used in the present investigation, the maximum

RAM used varied from under 2 GB to just over 6 GB. Although

this computing hardware requirement is not insignificant, it can

be met by current generation of laptops operating under the

recently released Windows operating system. Very substantial

reduction in RAM requirement and order of magnitude saving

in computing time can no doubt be achieved if specially

developed software is used to perform the same task. This is not

the objective of the present investigation.
The reliability of all the results reported above has been

checked by monitoring the first moment MF of the PSD as it
evolves. As already noted, the maximum deviation of the
dimensionless MF from unity was kept below 10% by adjusting
ND. This was in fact the criterion for setting ND. Numerical
experimentation revealed that when only the two fragmentation
terms on the RHS of Eq. 12 were included in the PBE only a
relatively low ND was required to ensure that MF remains within
1% of unity. A much higher ND was needed to achieve the
same degree of accuracy in the case of aggregation and also
when both the fragmentation and aggregation terms are
included. This is attributed to the nonlinearity introduced by the
two aggregation terms. It was also observed that as the floccula-
tion process approaches the equilibrium state, MF begins to
show signs of deterioration. This is understandable as equilib-
rium is approached, the positive contribution from terms 1 and
3 on the RHS of Eq. 12 will be closely balanced by the nega-
tive contribution from terms 2 and 4 leading to increased rela-
tive error in the temporal derivative on the lefthand side (LHS).
Attempts to compare the PSDs generated by Eq. 12 with some
of the computed PSD curves in the literature has not been easy
as very often the published results do not report the associated
MF explicitly. It is estimated the MF of some of these results
may have a deviation as large as 15–25%. As the shape of PSD
curves, especially those close to equilibrium, is greatly affected
by the error in MF, this makes comparison problematical.

Many investigators treat the kinetics of aggregation and

fragmentation as the product of two or more factors, such as

collision frequency, collision efficiency, and product distribu-

tion function. Each of these factors is in turn a function of the

size of the participating particles. Describing these kinetics by

the two general functions such as those in Eqs. 2 and 4 may

appear, at first glance, to be an over simplification. This is in

fact not the case as the products of composite kinetics can be

combined and, after nondimensionalization, be identified with

the general functions KA(Vs, Vt) and KF(Vr, Vp) in Eqs. 7 and

8. As the MoL technique is independent of the functional form

of these kinetic functions, it is equally applicable to many of

the composite kinetic models reported in the literature.
Results have been presented for a small number of plausi-

ble kinetics. It is not the aim of the present investigation to

determine the kinetic functions that fits a particular set of

empirical PSD. Yeow et al.3 pointed out that determination

of the fragmentation kinetics that best describes a given set

of macromolecule disintegration data is an inverse problem

and asserted that this requires an entirely different approach

and solution technique from that of solving a PBE numeri-

cally.20 This remark is equally valid in the determination of

the aggregation and fragmentation kinetics that best

describes a given set of flocculation data. The inverse prob-

lem in this case is even more complicated as it now involves

the determination of two instead of just a single kinetic func-

tion. The numerical procedure described here for solving the

PBE of flocculation is, in fact, a prerequisite in any mean-

ingful solution of the inverse problem of flocculation.
In the investigation of thermal disintegration of macromole-

cules, it was observed that the use of off-the-shelf commercial
scientific computing software to integrate the ODEs generated

Figure 13. Comparison of exact and numerical solu-
tions.

Lighter points and curves are the exact results

NPA(sPA, VPA) from Figure 10. The darker points and

curves are NPAmod(t, v) as defined in the text. NPAmod(t,
v) is only valid for the finite range plotted. sPA ¼ t ¼
0.5, 1, 3, and 5 (top most).
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by MoL is a labor-saving way of solving the PBE. In floccula-
tion, the complications brought about by the introduction of
the logarithmic-independent variable X = log10V may have
increased slightly the programming effort required but that has
certainly not altered this observation.

Conclusions

For suspensions with particle volume V that spans more
than 6 decades, the use of a uniform grid in V does not lead to
a workable discretized PBE of flocculation. On the other hand,
a grid that is uniform in the transformed variable X = log10 V
provides a satisfactory basis to discretize the PBE. This
together with the MoL converts the PBE from an integro-
differential equation into a large set of first-order ODEs. These
equations, for different assumed kinetics, can be solved with
minimal programming effort using standard ODE solver found
in commercial scientific computing software. Reliability of the
numerical solutions has been verified by monitoring particu-
late volume preservation over the entire flocculation process.

Notation

a, b ¼ parameters in dimensionless aggregation kinetic
function equation 7

g, h ¼ parameters in dimensionless fragmentation
kinetic function equation 8

G ¼ particulate volume fraction density function
kA ¼ aggregating kinetic function constant, m3 s�1

kF ¼ fragmenting kinetic function, m�3 s�1

KF ¼ dimensionless fragmentation kinetic function ¼
kF/kFmax

KA ¼ dimensionless aggregating kinetic function ¼
kAmF/(vmax

2kFmax)
mF ¼ first moment of n(t, v) ¼ volume of particulates

per unit volume
MF ¼ dimensionless first moment
mZ ¼ zero moment of n(t, v) ¼ number of particles

per unit volume, m�3

n ¼ number concentration density function, m�6

N ¼ dimensionless number concentration density
function ¼ (vmax)2 n/mF

ND ¼ number of discretization points
NPA ¼ n(t, v)mF/mZ(0)2

NPAmod ¼ modified NPA ¼ n(t, v)mF/[mZ(t)]2

rA ¼ aggregation rate, m�9 s�1

rF ¼ fragmentation rate, m�9 s�1

t ¼ time, s
v ¼ particle size, m3

vp, vq ¼ size of particles formed by fragmentation, m3

vr ¼ size fragmenting particle, m3

vs, vt ¼ size of aggregating particles size, m3

vu ¼ size of particle formed by aggregation, m3

V ¼ dimensionless particle size, v/vmax

VSC ¼ dimensionless particle size as defined by Scott14

VPA ¼ v(t)mZ(0)/mF

X ¼ log10 V
XSC ¼ log10 VSC

DX ¼ discretization step size, (Xmax � Xmin)/(ND – 1)

Greek letters

ais, bit, vir, cip ¼ numerical coefficients arising from quadrature by
trapezoidal rule

r ¼ parameters in dimensionless fragmentation
kinetic function equation 8

b ¼ geometrical factor of Kumar and Ramkrishna15

¼ Viþ1/Vi

sSC ¼ dimensionless time as defined by Scott14

sPA ¼ kAmZ(0)t

k, g ¼ parameters in dimensionless aggregation kinetic
function equation 7

s ¼ dimensionless time ¼ t �vmaxkFmax

jA ¼ parameter in dimensionless aggregation kinetic
function equation 7

Subscripts

i, j, k, p, q, r, s, t, u ¼ positive integers
ini ¼ initial
max ¼ maximum
min ¼ minimum
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